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Abstract
This paper develops an input-to-state stability (ISS) analysis of the Stefan problem with respect to an unknown heat loss. The Stefan
problem represents a liquid-solid phase change phenomenon which describes the time evolution of a material’s temperature profile and
the liquid-solid interface position. First, we introduce the one-phase Stefan problem with a heat loss at the interface by modeling the
dynamics of the liquid temperature and the interface position. We focus on the closed-loop system under the control law proposed in [16]
that is designed to stabilize the interface position at a desired position for the one-phase Stefan problem without the heat loss. The problem
is modeled by a 1-D diffusion Partial Differential Equation (PDE) defined on a time-varying spatial domain described by an ordinary
differential equation (ODE) with a time-varying disturbance. The well-posedness and some positivity conditions of the closed-loop system
are proved based on an open-loop analysis. The closed-loop system with the designed control law satisfies an estimate of L2 norm in a
sense of ISS with respect to the unknown heat loss. The similar manner is employed to the two-phase Stefan problem with the heat loss
at the boundary of the solid phase under the control law proposed in [25], from which we deduce an analogous result for ISS analysis.
Key words: Input-to-state stability (ISS), Stefan problem, moving boundaries, distributed parameter systems, nonlinear stabilization
1 Introduction
Liquid-solid phase transitions are physical phenomena
which appear in various kinds of science and engineer-
ing processes. Representative applications include sea-ice
melting and freezing [20], continuous casting of steel [34],
cancer treatment by cryosurgeries [35], additive manufac-
turing for materials of both polymer [23] and metal [6],
crystal growth [7], lithium-ion batteries [21], and thermal
energy storage systems [39]. Physically, these processes
are described by a temperature profile along a liquid-solid
material, where the dynamics of the liquid-solid interface
is influenced by the heat flux induced by melting or solidi-
fication. A mathematical model of such a physical process
is called the Stefan problem [12], which is formulated by
a diffusion PDE defined on a time-varying spatial domain.
The domain’s length dynamics is described by an ODE de-
pendent on the Neumann boundary value of the PDE state.
Apart from the thermodynamical model, the Stefan problem
has been employed to model several chemical, electrical,
social, and financial dynamics such as tumor growth pro-
cess [11], domain walls in ferroelectric thin films [32],
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krstic@ucsd.edu (Miroslav Krstic).
spreading of invasive species in ecology [9], information
diffusion on social networks [30], and optimal exercise
boundary of the American put option on a zero dividend
asset [5].
While the numerical analysis of the one-phase Stefan prob-
lem is broadly covered in the literature, their control related
problems have been addressed relatively fewer. In addition
to it, most of the proposed control approaches are based on
finite dimensional approximations with the assumption of an
explicitly given moving boundary dynamics [2,8]. For con-
trol objectives, infinite-dimensional approaches have been
used for stabilization of the temperature profile and the mov-
ing interface of a 1D Stefan problem, such as enthalpy-based
feedback [34] and geometric control [31]. These works de-
signed control laws ensuring the asymptotical stability of
the closed-loop system in the L2 norm. However, the re-
sults in [31] are established based on the assumptions on
the liquid temperature being greater than the melting tem-
perature, which must be ensured by showing the positivity
of the boundary heat input.
Recently, boundary feedback controllers for the Stefan
problem have been designed via a “backstepping transfor-
mation” [27, 28, 37] which has been used for many other
classes of infinite-dimensional systems. For instance, [16]
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designed a state feedback control law by introducing a non-
linear backstepping transformation for moving boundary
PDE, which achieved the exponentially stabilization of the
closed-loop system in theH1 norm without imposing any a
priori assumption. Based on the technique, [17] designed an
observer-based output feedback control law for the Stefan
problem, [18] extended the results in [16, 17] by studying
the robustness with respect to the physical parameters and
developed an analogous design with Dirichlet boundary
actuation, [19] designed a state feedback control for the
Stefan problem under the material’s convection, and [22,26]
developed a delay-compensated control for the Stefan prob-
lem with proving the robustness to the mismatch between
the actuator’s delay and the compensated delay.
While all the aforementioned results are based on the one-
phase Stefan problem which neglects the cooling heat caused
by the solid phase, an analysis on the system incorporating
the cooling heat at the liquid-solid interface has not been es-
tablished. The one-phase Stefan problem with a prescribed
heat flux at the interface was studied in [36]. The author
proved the existence and uniqueness of the solution with a
prescribed heat input at the fixed boundary by verifying pos-
itivity conditions on the interface position and temperature
profile using a similar technique as in [10].
Regarding the added heat flux at the interface as the heat loss
induced by the remaining other phase dynamics, it is reason-
able to treat the prescribed heat flux as the disturbance of the
system. The norm estimate of systems with a disturbance is
often analyzed in terms of ISS [38], which serves as a crite-
ria for the robustness of the controller or observer design [1].
Recently, the ISS for infinite dimensional systems with re-
spect to the boundary disturbance was developed in [13–15]
using the spectral decomposition of the solution of linear
parabolic PDEs in one dimensional spatial coordinate with
Strum-Liouville operators. An analogous result for the dif-
fusion equations with a radial coordinate in n-dimensional
balls is shown in [3] with proposing an application to robust
observer design for battery management systems [33].
The present paper revisits the result of our conference paper
[24] which proved ISS of the one-phase Stefan problem
under the control law proposed in [16] with respect to the
heat loss at the interface, and extends the ISS result to the
two-phase Stefan problem with an unknown heat loss at the
boundary of the solid phase under the control law developed
in [25]. First, we consider a prescribed open-loop control of
the one-phase Stefan problem in which the solution of the
system is equivalent with the proposed closed-loop control.
Using the result of [36], the well-posedness of the solution
and the positivity conditions are proved. Next, we apply the
closed-loop control through the backstepping transformation
as in [16]. The well-posedness of the closed-loop solution
and the positivity conditions for the model to be valid are
ensured by showing the differential equation of the control
law. The associated target system has the disturbance at the
interface dynamics due to the heat loss. An estimate of the
L2 norm of the closed-loop system is developed in the sense
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VIII. CONCLUSIONS AND FUTURE WORKS
Along this paper we proposed an observer design and
boundary output feedback controller that achieves the
exponential stability of sum of the moving interface,
H1-norm of the temperature, and estimation error of them
through a measurement of the moving interface. A nonlinear
backstepping transformation for moving boundary problem
is utilized and the controller is proved to keep positive with
some initial conditions, which guarantees some physical
pr perties required f r the validity of model nd the proof
of stability. The ma contribution of this paper is that,
this is the first result which shows the convergence of
estimation error and output feedback systems of one-phase
Stefan Problem theoretically. Although the Stefan Problem
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has been well known model since 200 years ago related
with phase transition which appears in various situations
of nature and engineering, its control or estimation related
problem has not been investigated in detail. Towards an
application to the estimation of sea-ice melting or freezing
in Antarctica, it is more practical to construct an observer
design with a measurement of temperature at one boundary,
and it is investigated as a future work.
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VIII. CONCLUSIONS ND FUTURE WORKS
Alo g this paper w proposed an observer design nd
bo ndary output feedback controller that achieves the
expone tial stabili y of sum of the moving interfa e,
H1-n r of th temperature, nd esti atio error f them
through a m asure nt f the m ving interfac . A onl nea
backstepping tra formation for movin bou dary problem
is utilized and the controller is proved to keep positive with
some initial conditions, which guarantee some hysi al
properties required for the validity of model and the pro f
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this is the fir t result which shows the convergence of
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has been well known model since 200 years ago related
with phase transition which appears in various situations
of nature and engineering, its control or estimation related
problem has not been investigated in detail. Towards an
application to the estimation of sea-ice melting or freezing
in Antarctica, it is more practical to construct an observer
design with a measurement of temperature at one boundary,
and it is nvestigated as a future w rk.
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with phase transition which appears in various situations
of nature and engineering, its control or estimation related
problem has not been investigated in detail. To ards an
application to the estimation of sea-ice melting or freezing
in Antarctica, it is more practical to con ruct a observer
design with a measurement of temperature at one boundary,
and it is investigated as a future work.
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Figure 1: Schematic of 1D Stefan proble .
with he boundary conditio s
 kTx(0, t) = qc(t), (2)
T (s(t), t) = T , (3)
and the initial values
T (x, 0) = T0(x), s(0) = 0 (4)
w ere T (x, t), qc(t), ⇢, Cp, and k are the dis rib ted temp rature of
the liquid phase, manipulated he t flux, the liquid density, the liquid
heat capacity, and the liquid heat conductivity res ectively.
• The local energy bal ce t the liquid-solid i terf ce x = (t) which
yields the following ODE
⇢ H⇤s˙(t) =  kTx(s(t), t)  qf (t), (5)
whe e  H⇤ and qf (t) repre ent the latent heat of fusion and the h at
loss at the interface caused by olid phase.
The e dy-state sol tion (Teq(x), s q) f the syste (1)-(5) with zero ma-
nipul ting eat flux qc(t) = 0 and zer heat lo s at the in erfac qf (t) = 0
yields a uniform melti g tempera ure Teq(x) = Tm and constant n r-
face position given by the initial data. In [4], the a th rs d vel p d the
asymptotical stabilizati n of th interface positio s(t) at a desired refer-
ence setpoint sr with zero heat loss qf (t) = 0 through the desig of qc(t). In
this paper, we develop how he norm estimate of the reference error under
th same de ign f qc( ) is d scribed with the heat l ss a the interface.
We have the following conditions for the m del validity n liquid tem-
perature.
2
Fig. 1. Schematic of the one-phase Stefan problem.
f ISS thr ugh he analy is of the t rget syste b Lyapuno
method. The imila procedure is perform d t extend he
ISS result to th two-phase St fa problem with the unknown
at loss at the bo nd y of the soli hase.
This paper is organized as follows. The one-phase Stefan
p em w th at loss t the interface is pres nted in Sec-
tion 2. T wel -po dness of th syst m wit an op -l p
contr ller i proved in Se tion 3. Sectio 4 i tro uces our
first m in result for the ISS f the closed-loop sy t m un er
th desig ed feedback rol law with providing the proof.
Th extens on of the result to th tw -phas Stefan pr blem
is ddress d in Sect n 5. Supp v um ric l simulations
are provided in Section 6. Th paper ends with some final
rem rks in Section 7
2 escription of the Phy ical Process
Consider a physical model which describes th melting r
soli ificatio mechan s in a pure o e-component material
f l ngth L in one dimension. In order t athematically
describe the position at w ich phase tr sition occu s, we
divide the domain [0,L] into two time-vary ng sub- omai s,
na el , the interval [0,s(t)] which contains the liquid phase,
and t interval [s(t),L] tha contains the solid phase. A
heat flux enters the material through the boundary at x = 0
(the fixed boundary of the liquid phase) which affects the
liquid-solid interf ce dy a ics through he t propagati n i
liquid ph se. I addition, due to the oling effect from the
solid phase, ther is a heat loss at the interface p siti
x = s(t). As a consequence, the heat equ t on alone does
not provide a complete d scription of th phase transition
and must be oupled with the dynamics that describes the
moving boundary. This configuration is shown in Fig. 1.
Assuming that the temperature in the liquid phase i not
lower than the melting temp rature of the m terial Tm, he
nergy conse vation and heat conduction laws yi ld the heat
equation of the liquid phase as follows
Tt(x, t) = αTxx(x, t), α :=
k
ρCp
, 0≤ x≤ s(t), (1)
with the boundary conditions
−kTx(0, t) = qc(t), (2)
T (s(t), t) = Tm, (3)
2
and the initial values
T (x,0) = T0(x), s(0) = s0 (4)
where T (x, t), qc(t), ρ , Cp, and k are the distributed tem-
perature of the liquid phase, the manipulated heat flux, the
liquid density, the liquid heat capacity, and the liquid heat
conductivity, respectively. The first problem we consider in
this paper assumes that the heat loss at the interface caused
by the solid phase temperature dynamics is assumed to be
a prescribed function in time, denoted as qf(t). The local
energy balance at the liquid-solid interface x = s(t) yields
ρ∆H∗s˙(t) =−kTx(s(t), t)−qf(t), (5)
where ∆H∗ represents the latent heat of fusion. In (5), the
left hand side represents the latent heat, and the first and
second term of the right hand side represent the heat flux by
the liquid phase and the heat loss caused by the solid phase,
respectively. As the governing equations (1)–(5) suffice to
determine the dynamics of the states (T,s), the temperature
in the solid phase is not needed to be modeled.
Remark 1 As the moving interface s(t) depends on the tem-
perature, the problem defined in (1)–(5) is nonlinear.
There are two underlying assumptions to validate the model
(1)-(5). First, the liquid phase is not frozen to solid from
the boundary x = 0. This condition is ensured if the liquid
temperature T (x, t) is greater than the melting temperature.
Second, the material is not completely melt or frozen to sin-
gle phase through the disappearance of the other phase. This
condition is guaranteed if the interface position remains in-
side the material’s domain. In addition, these conditions are
also required for the well-posedness (existence and unique-
ness) of the solution in this model. Taking into account of
these model validity conditions, we emphasize the following
remark.
Remark 2 To maintain the model (1)-(5) to be physically
validated, the following conditions must hold:
T (x, t)≥Tm, ∀x ∈ (0,s(t)), ∀t > 0, (6)
s(t)>0, ∀t > 0. (7)
Based on the above conditions, we impose the following
assumption on the initial data.
Assumption 1 s0 > 0, T0(x) ≥ Tm for all x ∈ [0,s0], and
T0(x) is continuously differentiable in x ∈ [0,s0].
Lemma 2 Under Assumption 1, if the boundary input keeps
generating positive heat, i.e., qc(t) ≥ 0, for all t > 0, then
the condition (6) holds.
The proof of Lemma 2 is established by maximum principle
and Hopf’s lemma as shown in [12]. For the heat flux at the
interface, the following assumptions are imposed.
Assumption 3 The heat loss remains non-negative,
bounded, and continuous for all t ≥ 0, and the total energy
is also bounded, i.e.,
qf(t)≥0, ∀t > 0, (8)
∃M >0, s.t.
∫ ∞
0
qf(t)dt < M. (9)
The steady-state solution (Teq(x),seq) of the system (1)-(5)
with zero manipulating heat flux qc(t) = 0 and zero heat loss
at the interface qf(t) = 0 yields a uniform melting tempera-
ture Teq(x) = Tm and a constant interface position given by
the initial data. In [16], the authors developed the exponen-
tial stabilization of the interface position s(t) at a desired
reference setpoint sr with zero heat loss qf(t) = 0 through
the following state feedback control design of qc(t):
qc(t) =−c
(
k
α
∫ s(t)
0
(T (x, t)−Tm)dx+ kβ (s(t)− sr)
)
,
(10)
where c > 0 is the control gain which can be chosen by
user. To maintain the positivity of the heat input qc(t) as
stated in Lemma 2, the following restriction on the setpoint
is imposed.
Assumption 4 The setpoint is chosen to verify
sr > s0+
β
α
∫ s0
0
(T0(x)−Tm)dx, (11)
where β := kρ∆H∗ .
Finally, we impose the following condition of the control
gain.
Assumption 5 The control gain c is chosen sufficiently
large to satisfy c > βksr q¯f, where q¯f := sup0≤t≤∞ {qf(t)}.
In this paper, we prove the ISS of the reference error sys-
tem with the control design (10) with respect to the heat
loss at the interface by studying the norm estimate through
Sections 3–4.
3 Open-Loop System and Analysis
The well-posedness of the one-phase Stefan problem with
heat flux at the interface was developed in [36] with a pre-
scribed open-loop heat input for qc(t). To apply the result,
in this section we focus on an open-loop control which has
an equivalent solution as the closed-loop control introduced
later, and we prove the well-posedness of the open-loop sys-
tem.
3
Lemma 6 Let Assumptions 1-4 hold. For any t¯ ≤ σ where
0 < σ ≤ ∞, there is a unique solution of the system (1)–(5)
with the open-loop control
qc(t) = q0e−ct + c
∫ t
0
e−c(t−τ)qf(τ)dτ, (12)
for 0 < t < t¯ , where
q0 =−c
(
k
α
∫ s0
0
(T0(x)−Tm)dx+ kβ (s0− sr)
)
. (13)
If σ 6= ∞, then s(σ) = 0.
PROOF. Since Assumption 65 leads to q0 > 0, the open-
loop controller (12) remains positive and continuous for all
t > 0 by Assumption 3. Hence, applying the theorem in [36]
(page 3) proves Lemma 6.
Lemma 7 Under Assumption 5, Lemma 6 holds globally,
i.e., σ = ∞.
PROOF. We prove by contradiction. Suppose there exists
0 < σ∗ < ∞ such that s(σ∗) = 0. Let E(t) be an internal
energy of the system defined by
E(t) =
k
α
∫ s(t)
0
(T (x, t)−Tm)dx+ kβ s(t). (14)
with E(σ∗) = 0 by the imposed assumption. Taking the time
derivative of (14) yields the energy conservation
E˙(t) = qc(t)−qf(t). (15)
In addition, the time derivative of (12) yields q˙c(t) =
−c(qc(t)−qf(t)). Combining these two and taking integra-
tion on both sides gives
E(t) = E(0)− 1
c
(qc(t)−qc(0)). (16)
By (13) and (14), we get q0 =−c(E(0)− kβ sr). Substituting
this and (12) into (16), we have
E(t) = e−ct
[
E(0)+
ksr
β
(ect −1)−
∫ t
0
ecτqf(τ)dτ
]
. (17)
Let f (t) be a function in time defined by
f (t) = E(0)+
ksr
β
(ect −1)−
∫ t
0
ecτqf(τ)dτ. (18)
Since E(t) = e−ct f (t), we can see that E(t)> 0 for all t > 0
if and only if f (t)> 0 for all t > 0. By (18), we have f (0) =
E(0)> 0. Taking the time derivative of (18) yields
f ′(t) = ect
(
ksrc
β
−qf(t)
)
. (19)
By Assumption 5, (19) leads to f ′(t)> 0 for all t > 0. There-
fore, f (t) > 0 for all t > 0, and we conclude E(t) > 0 for
all t > 0 which contradicts with the imposed assumption
s(σ∗) = 0 where σ∗ 6= ∞. Hence, Lemma 6 holds globally.
Corollary 1 The open-loop solution satisfies the model va-
lidity conditions (6) (7) for all t > 0.
As proven in [36], the global well-posedness shown in
Lemma 7 verifies the conditions (6) (7) for all t > 0 which
derives Corollary 1.
4 ISS for One-Phase Stefan Problem
While the open-loop input (12) ensures the well-posed so-
lution of the system, the analysis does not enable to prove
the ISS property of the norm estimate. In addition, the open-
loop design requires the heat loss at the interface qf(t). How-
ever, measuring qf(t) is not practically doable. In this sec-
tion, we show that the closed-loop solution with the control
law proposed in [16] is equivalent to the open-loop solu-
tion introduced in Section 3. The controller is feedback de-
sign of liquid temperature profile and the interface position
(T (x, t),s(t)). The heat loss qf(t) is regarded as a distur-
bance, and the norm estimate of the reference error is de-
rived in a sense of input-to-state stability.
Our first main result is stated in the following theorem.
Theorem 8 Under Assumptions 1-5, the closed-loop system
consisting of (1)–(5) with the control law (10) satisfies the
model validity conditions (6) and (7), and is ISS with respect
to the heat loss qf(t) at the interface, i.e., there exist a class-
K L function ζ and a class-K function η such that the
following estimate holds:
Ψ(t)≤ ζ (Ψ(0), t)+η
(
sup
τ∈[0,t]
|qf(τ)|
)
, (20)
for all t ≥ 0, in the L2 norm
Ψ(t) =
(∫ s(t)
0 (T (x, t)−Tm)2 dx+(s(t)− sr)2
) 1
2
. Moreover,
there exist positive constants M1 > 0 and M2 > 0 such that
the explicit functions of ζ and η are given by ζ (Ψ(0), t) =
M1Ψ(0)e−λ t , η(supτ∈[0,t] |qf(τ)|) = M2 supτ∈[0,t] |qf(τ)|,
where λ = 132 min
{
α
s2r
,c
}
, which ensures the exponentially
ISS.
The proof of Theorem 8 is established through the remainder
of this section.
4
4.1 Reference error system
Let u(x, t) and X(t) be reference error variables defined by
u(x, t) :=T (x, t)−Tm, (21)
X(t) :=s(t)− sr. (22)
Then, the system (1)–(5) is rewritten as
ut(x, t) =αuxx(x, t), (23)
ux(0, t) =− qc(t)k , (24)
u(s(t), t) =0, (25)
X˙(t) =−βux(s(t), t)−d(t), (26)
where d(t) = βk qf(t). The controller is designed to stabilize
(u,X)-system at the origin for d(t) = 0.
4.2 Backstepping transformation
Introduce the following backstepping transformation
w(x, t) =u(x, t)− β
α
∫ s(t)
x
φ(x− y)u(y, t)dy
−φ(x− s(t))X(t), (27)
which maps into
wt(x, t) =αwxx(x, t)+ s˙(t)φ ′(x− s(t))X(t)
+φ(x− s(t))d(t), (28)
wx(0, t) =
β
α
φ(0)u(0), (29)
w(s(t), t) =εX(t), (30)
X˙(t) =− cX(t)−βwx(s(t), t)−d(t). (31)
The objective of the transformation (27) is to add a stabiliz-
ing term −cX(t) in (31) of the target (w,X)-system which is
easier to prove the stability for d(t) = 0 than (u,X)-system.
By taking the derivative of (27) with respect to t and x re-
spectively along the solution of (23)-(26), to satisfy (28),
(30), (31), we derive the conditions on the gain kernel solu-
tion which yields the solution as
φ(x) =
c
β
x− ε. (32)
By matching the transformation (27) with the boundary con-
dition (29), the control law is derived as
qc(t) =−c
(
k
α
∫ s(t)
0
u(y, t)dy+
k
β
X(t)
)
. (33)
Rewriting (33) by T (x, t) and s(t) yields (10).
4.3 Inverse transformation
Consider the following inverse transformation
u(x, t) =w(x, t)− β
α
∫ s(t)
x
ψ(x− y)w(y, t)dy
−ψ(x− s(t))X(t). (34)
Taking the derivatives of (34) in x and t along (28)-(31), to
match with (23)-(26), we obtain the gain kernel solution as
ψ(x) =erx (p1 sin(ωx)+ ε cos(ωx)) , (35)
where r= βε2α ,ω =
√
4αc−(εβ )2
4α2 , p1 =− 12αβω
(
2αc− (εβ )2),
and 0 < ε < 2
√
αc
β is to be chosen later. Finally, using
the inverse transformation, the boundary condition (29) is
rewritten as
wx(0, t) =− βα ε
[
w(0, t)− β
α
∫ s(t)
0
ψ(−y)w(y, t)dy
−ψ(−s(t))X(t)] . (36)
In other words, the target (w,X)-system is described by
(28), (30), (31), and (36). Note that the boundary condition
(30) and the kernel function (32) are modified from the one
in [16], while the control design (33) is equivalent. The tar-
get system derived in [16] requires H1-norm analysis for
stabilty proof. However, with the prescribed heat loss at the
interface,H1-norm analysis fails to show the stability due to
the non-monotonic moving boundary dynamics. The modi-
fication of the boundary condition (30) enables to prove the
stability in L2 norm as shown later.
4.4 Analysis of closed-loop system
Here, we prove the well-posedness of the closed-loop solu-
tion and the positivity conditions of the state variables.
Lemma 9 Under Assumptions 1-5, the closed-loop system
of (1)–(5) with the control law (10) has a unique solution
which is equivalent to the open-loop solution of (1)–(5) with
the control law (12) for all t > 0.
PROOF. Taking the time derivative of the control law (10)
along with the energy conservation leads to the following
differential equation
q˙c(t) =−cqc(t)+ cqf(t), (37)
which has the same explicit solution as the open-loop control
(12). Hence, the closed-loop solution is equivalent to to the
open-loop solution with (12). Since the open-loop system
has a unique solution as shown in Lemma 7, the closed-loop
solution has a unique solution as well.
5
Lemma 10 The closed-loop solution verifies the following
properties:
qc(t)>0, (38)
u(x, t)>0, ux(s(t), t)< 0, (39)
s(t)>0. (40)
PROOF. Applying Corollary 1 and Lemma 9 gives the
proof of Lemma 10.
Lemma 11 The closed-loop system has the following prop-
erty:
0 < s(t)< sr. (41)
PROOF. Applying (38) and (39) to (33), the condition (41)
is verified.
4.5 Stability analysis
To conclude the ISS of the original system, first we show
the ISS of the target system (28), (30), (31), and (36) with
respect to the disturbance d(t). We consider the following
functional
V (t) =
1
2α
||w||2+ ε
2β
X(t)2, (42)
where ||w|| denotes L2 norm defined by ||w||=
(∫ s(t)
0 w(x, t)
2dx
)1/2
.
Taking the time derivative of (42) along with the solution
of (28)–(31), (36), we have
V˙ (t) =−||wx||2− εβ cX(t)
2+
β
α
εw(0, t)2
− β
α
εw(0, t)
[
β
α
∫ s(t)
0
ψ(−y)w(y, t)dy
+ψ(−s(t))X(t)]
− ε
β
X(t)d(t)+
1
α
∫ s(t)
0
φ(x− s(t))w(x, t)dxd(t)
+
s˙(t)
α
(
ε2
2
X(t)2+
c
β
∫ s(t)
0
w(x, t)dxX(t)
)
. (43)
Applying Young’s inequality to the second and third lines
of (43) twice, we get
−w(0, t)
[
β
α
∫ s(t)
0
ψ(−y)w(y, t)dy+ψ(−s(t))X(t)
]
≤1
2
w(0, t)2+
β 2
α2γ1
(∫ s(t)
0
ψ(−y)w(y, t)dy
)2
+ γ1 (ψ(−s(t))X(t))2 . (44)
Again applying Young’s inequality to the forth line of (43),
− ε
β
X(t)d(t)+
1
α
∫ s(t)
0
φ(x− s(t))w(x, t)dxd(t)
≤ 1
2γ2
(
ε
β
X(t)
)2
+
(γ2+ γ3)
2
d(t)2
+
1
2α2γ3
(∫ s(t)
0
φ(x− s(t))w(x, t)dx
)2
, (45)
where γi > 0 for i= {1,2,3}. Applying (44)-(45) and Cauchy
Schwarz, Poincare, and Agmon’s inequalities to (43) with
choosing γ1 = 18 , γ2 =
2ε
βc , and γ3 =
4s3r
α2
(
csr
β + ε
)2
, we have
V˙ (t)≤−
(
1
2
− 2β sr
α
(
64cs2r
α
+3
)
ε
)
||wx||2
− ε
(
c
8β
+g(ε)
)
X(t)2+Γd(t)2
+
|s˙(t)|
2α
(
ε2X(t)2+
2c
β
∣∣∣∣∫ s(t)0 w(x, t)dxX(t)
∣∣∣∣) , (46)
where Γ = (γ2+γ3)2 , and g(ε) =
c
8β − ε4sr −
β
α
(
64cs2r
α +3
)
ε2.
Since g(0) = c8β > 0 and g
′(ε) =− 14sr −
2βε
α
(
64cs2r
α +3
)
<
0 for all ε > 0, there exists ε∗ such that g(ε) > 0
for all ε ∈ (0,ε∗) and g(ε∗) = 0. Thus, setting ε <
min
ε∗, α8β sr( 64cs2rα +3)
 , the inequality (46) leads to
V˙ (t)≤−bV (t)+Γd(t)2
+
|s˙(t)|
2α
(
ε2X(t)2+
2c
β
∣∣∣∣∫ s(t)0 w(x, t)dxX(t)
∣∣∣∣) , (47)
where b = 18 min
{
α
s2r
,c
}
. Since ux(s(t), t)< 0 and d(t)> 0,
we have
|s˙(t)| ≤ −βux(s(t), t)+d(t). (48)
Let z(t) be defined by
z(t) := s(t)+2
∫ t
0
d(τ)dτ. (49)
The time derivative of (49) becomes z˙(t) =−βux(s(t), t)+
d(t). In addition, applying (9) and (41) to (49) leads to
0 < z(0)< z(t)< sr+
2βM
k
:= z¯. (50)
Applying (48) and Young’s inequality to (47), we have
V˙ (t)≤−bV (t)+Γd(t)2+az˙(t)V (t), (51)
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VIII. CONCLUSIONS AND FUTURE WORKS
Along this paper we proposed an observer design and
boundary output feedback controller that achieves the
exponential stability of sum of the moving interface,
H1-norm of the temperature, and estimation error of them
through a measurement of the moving interface. A nonlinear
backstepping transformation for moving boundary problem
is utilized and the controller is proved to keep positive with
some initial conditions, which guarantees some physical
properties required for the validity of model and the proof
of stability. The main contribution of this paper is that,
this is the first result which shows the convergence of
estimation error and output feedback systems of one-phase
Stefan Problem theoretically. Although the Stefan Problem
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has been well known model since 200 years ago related
with phase transition which appears in various situations
of nature and engineering, its control or estimation related
problem has not been investigated in detail. Towards an
application to the estimation of sea-ice melting or freezing
in Antarctica, it is more practical to construct an observer
design with a measurement of temperature at one boundary,
and it is investigated as a future work.
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has been well known mod l since 200 y rs ago related
with phase transition wh ch appears in vari us situations
of nature and engineering, its control or estim tion related
problem has not be n inv stigated in detail. Towards an
application to the estimation of sea-ice melting or freezing
in Antarctica, it is more practical to con truct an observer
design with a measurement of temperature at one boundary,
and it is investigated as a future work.
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developed via adjoint method to to track the phase interface to a prescribed
desired motion. However, the numerical scheme utilizing the iteration is
computationally expensive and not robust to the unknown disturbances and
physical parameters.
[Infinite dimensional control] In [20], an numerical
[Backstepping Control (Shumon)] Recently, a Neumann boundary con-
trol laws for the one-phase Stefan problem have been developed for both
the state feedback [11] and an observer-based output feedback [12]. The
designed control laws are guaranteed to satisfy the positivity condition and
stabilize the closed-loop system exponentially in theH1 norm of the reference
error. The control laws were designed using a backstepping transformation
(see, e.g. [17, 23]) which has been used for many other classes of infinite-
dimensional systems. In [13], the authors extended the results in [11, 12] by
ensuring the robustness to the parameters uncertainties and a gain restric-
tion to satisfy an input and state constraints. Owing to the advancement
of the backstepping method for PDEs, the control design for the one-phase
Stefan problem was developed under actuator’s delay in [] and material’s
flow in [].
[Paper’s contribution]
[Paper’s organization]
2 Problem Statement and Main Result
The two-phase Stefan problem describes the thermodynamic model of the
phase change phenomena such as melting or freezing (solidification) process
in a pure material. The dynamics of the process depends strongly on the
evolution in time of the moving interface (here reduced to a point) at which
phase transition from liquid to solid (or equivalently, in the reverse direction)
occurs. In this paper, we consider the one dim sional model with the
material’s length L, and the material’s domain x 2 [0, L] is separated into
two complementary time-varying sub-domains x 2 [0, s(t)] and x 2 [s(t), L]
which are occupied by the liquid phase and the solid phase, respectively,
as depicted in Fig. ??. While the results in [13] dealt with the one-p se
Stefan problem by assuming the temperature in th solid ph se t be s dy-
state, the two-phase Stefan problem describes both melti g and solidification
process by considering the temperature dynamics of both phases. Let Tl(x, t)
and Ts(x, t) be the temperature profiles of liquid and solid, respectively, and
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with phase transition which appears in various situations
of nature and engineering, its control or estimation related
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application to the estimation of sea-ice melting or freezing
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design with a measurement of temperature at one boundary,
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Figure 1: Schematic of 1D Stefan proble .
with he boundary conditio s
 kTx(0, t) = qc(t), (2)
T (s(t), t) = T , (3)
and the initial values
T (x, 0) = T0(x), s(0) = 0 (4)
w ere T (x, t), qc(t), ⇢, Cp, and k are the dis rib ted temp rature of
the liquid phase, manipulated heat flux, the liquid density, the liquid
heat capacity, and the liquid heat conductivity respectively.
• The local energy bal ce at th liq id-solid int rface x = s(t) which
yields the following ODE
⇢ H⇤s˙(t) =  kTx(s(t), t)  qf (t), (5)
where  H⇤ and qf (t) represent the latent heat of fusion and the h at
loss t the interface caused by olid phase.
The e dy-state sol tion (Teq(x), s q) f the syste (1)-(5) with zero ma-
nipul ting eat flux qc(t) = 0 and zero heat lo s at the i erf ce qf (t) = 0
yiel s a uniform melti g tempera ure Teq(x) = Tm and constant n r-
face position given by the initial data. In [4], the a th rs d vel p d the
asymptotical stabiliz ti of th i terface position s(t) at a desi ed refer-
ence setpoint sr with zero he t loss qf (t) = 0 through the design of qc(t). In
this paper, we develop how he norm estima e of the reference error under
th same de ign f qc( ) is d scribed with the heat loss at t e interface.
We have t e following co ditio s for the o el valid ty on liquid tem-
perature.
2
Fig. 2. Schema ic of the w -phas Stef n pr b em.
w re = 2βεα m x
{
1, αc
2sr
2β 3ε3
}
. C nsider the following func-
tion l
W (t) =V (t)e−az(t). (52)
T king th time d rivative of (52) with the help of (51) and
applying (50), we deduce
W˙ (t)≤−bW (t)+Γd(t)2. (53)
Since (53) le ds to the tatemen th t either W˙ (t)≤− b2W (t)
or W (t) ≤ 2bΓd(t)2 is true, following the procedure i [38]
(proof of Theorem 5 in S tion 3.3), on can derive
W (t)≤W (0)e− b2 t + 2
b
Γ sup
τ∈[0.t]
d(τ)2. (54)
By (52) and (54) and applying (5 ), finally we obtain the
following estimate on the L2 norm of t t rget system
V (t)≤V (0)eaz¯e− b2 t +
b
Γeaz¯ sup
τ∈[0.t]
d(τ)2 (55)
By the invertibility of transforma n, the n rm quiva-
lence of the ta get (w,X)-system to the (u,X)-system holds,
and hence he orm estimate n the origi al (T,s - y t m is
d r ved, which completes the proof of Theorem 8.
5 ISS for Two-Phase Stefan Problem
In this section, we extend the results we have established
up to the last section to the ”two-phase” Stefan problem,
wher the heat loss at the interface is precisely modeled by
the temperature dyn mics in the solid phase, following the
work in [25]. An unknown heat loss is then accou ted not
at the interface, but at the boundary of the solid ph e. This
configurati n is depicted in Fig. 2.
5.1 Problem statement
The governing equations are descried by the following cou-
pled PDE ODE-PDE system:
∂Tl
∂ t
(x, t) =αl
∂ 2Tl
∂x2
(x, t), 0 < x < s(t), (56)
∂Tl
∂x
(0, t) =−qc(t)/kl, Tl(s(t), t) = Tm, (57)
∂Ts
∂ t
(x, t) =αs
∂ 2Ts
∂x2
(x t), s(t)< x < L, (58)
∂Ts
∂x
(L, t) =−qf(t)/ks, Ts(s(t), t) = Tm, (59)
γ s˙(t) =− kl ∂Tl∂x (s(t), t)+ ks
∂Ts
∂x
(s(t), t), (60)
where γ = ρl∆H∗, d all t variables denote the same
physical value with the subscript ”l” for the liquid phase
and ”s” for the solid phase, respectively. The solid phase
tem eratur must b wer than the melting temperature,
which serves as one of the c nditions for the model validity,
as state in the following.
Remark 3 To keep the physical state of each phase mean-
ingful, the foll wi g conditions must be maintained:
Tl(x, t)≥Tm, ∀x ∈ (0, (t)), ∀t > 0, (61)
Ts(x, t)≤Tm, ∀x ∈ (s(t),L), ∀t > 0, (62)
0 <s(t)< L, ∀t > 0. (63)
The foll wing assumptions n the initial data
(Tl,0(x),Ts, (x),s0) := (Tl(x,0),Ts(x,0),s(0)) are imposed.
Assumptio 12 0 < s0 < L, Tl,0(x)≥ Tm for all x ∈ [0,s0],
Ts,0(x) ≤ T for all x ∈ [s0,L], and Tl,0(x) and Ts,0(x) are
co tinu u ly differentiable in x ∈ [0,s0] and x ∈ [s0,L], re-
spect vely.
Assumptio 13 The initial values satisfy
kl
αl
∫ s0
0
(Tl,0(x)−Tm)dx
+
ks
αs
∫ L
s0
(Ts,0(x)−Tm)dx+ γs0 > 0. (64)
The following lemma is proven in [4] (page 4, Theorem 1).
Lemma 14 With Assumption 12 and provided that qc(t)≥
0 for all t > 0, there exists σ ∈ (0,∞] such that for any
t¯ ≤ σ there is a unique solution of the system (56)–(60)
with satisfying the conditions (61)–(63) for all t ∈ (0, t¯).
o e ver, if σ 6= ∞ then either s(σ) = 0 or s(σ) = L.
Furthermore, w impose Assumptions 3 and 5, and the re-
striction for the setpoint is given as follows.
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Assumption 15 The setpoint is chosen to satisfy
sr < sr < L, (65)
where sr := s0 +
βl
αl
∫ s0
0 (Tl,0(x) − Tm)dx + βsαs
∫ L
s0(Ts,0(x) −
Tm)dx and βi = kiγ for i = l,s.
5.2 Control design and an equivalent open-loop analysis
We apply the boundary feedback control design developed
in [25]
qc(t) =− c
(
kl
αl
∫ s(t)
0
(Tl(x, t)−Tm)dx
+
ks
αs
∫ L
s(t)
(Ts(x, t)−Tm)dx+ γ(s(t)− sr)
)
, (66)
to the two-phase Stefan problem with the unknown heat
loss qf(t) at the boundary of the solid phase governed by
(56)–(60). As in the previous procedure, the equivalence
of the closed-loop system under the control law (66) with
the system under an open-loop input is presented in the
following lemma.
Lemma 16 Under Assumptions 3, 5, and 12–15, the closed-
loop system consisting of (56)–(60) with the control law
(66) has a unique classical solution which is equivalent to
the open-loop solution of (56)–(60) with
qc(t) = q0e−ct + c
∫ t
0
e−c(t−τ)qf(τ)dτ, (67)
for all t ≥ 0, where
q0 =− c
(
kl
αl
∫ s0
0
(Tl,0(x)−Tm)dx
+
ks
αs
∫ L
s0
(Ts,0(x)−Tm)dx+ γ(s0− sr)
)
. (68)
PROOF. Taking the time derivative of the control law (66)
together with (56)–(60) leads to q˙c(t) = −c(qc(t)− qf(t)).
The solution to the differential equation is equivalent with
the formulation of (67) with the initial condition qc(0) = q0.
The setpoint restriction given in Assumption 15 provides
q0 > 0, and hence qc(t)> 0 for all t ≥ 0. Applying Lemma
14, we ensure the existence of σ ∈ (0,∞] stated in Lemma
14. Moreover, we prove σ = ∞ by contradiction, similarly
to the proof of Lemma 7. Assume the existence of σ > 0
such that the conditions (61)–(63) are satisfied for t ∈ (0,σ).
Taking into account the specific heat in the solid phase, the
internal energy of the total system is defined by
E(t) =
kl
αl
∫ s(t)
0
(Tl(x, t)−Tm)dx
+
ks
αs
∫ L
s(t)
(Ts(x, t)−Tm)dx+ γs(t). (69)
Taking the time derivative of (69) leads to the energy con-
servation law given by the same formulation as (15) for the
case of one-phase Stefan problem. In the similar manner as
the proof of Lemma 7, we deduce
E(t)> 0, ∀t ≥ 0. (70)
If s(σ)= 0, then substituting it into (69) with the help of (62)
leads to E(σ)< 0, which contradicts with (70). Furthermore,
applying qc(t) > 0 and the condition (61) for t ∈ (0,σ) to
the control law (66), we get
ks
αs
∫ L
s(t)
(Ts(x, t)−Tm)dx+ γ(s(t)− sr)< 0, (71)
for all t ∈ (0,σ), which ensures at least s(σ)< L. Hence, we
conclude that σ = ∞, which guarantees the well-posedness
of the closed-loop solution and the conditions for the model
validity (61)–(63) to hold globally, i.e., for all t ≥ 0, which
completes the proof of Lemma 16.
5.3 Main result and proof
We present ISS result for the closed-loop system in the fol-
lowing theorem.
Theorem 17 Under Assumptions 3, 5, and 12–15, the
closed-loop system consisting of (56)–(60) with the control
law (66) satisfies the model validity conditions (61)–(63),
and is ISS with respect to the heat loss qf(t) at the boundary
of the solid phase. Moreover, there exist positive constants
M1 > 0 and M2 > 0 such that the following estimate holds:
Ψ(t)≤M1Ψ(0)e−λ t +M2 sup
τ∈[0,t]
|qf(τ)|, (72)
for all t ≥ 0, where λ = 132 min
{
αl
L2 ,
2αs
L2 ,c
}
, in the L2 norm
Ψ(t) =
(∫ s(t)
0 (Tl(x, t)−Tm)2dx
+
∫ L
s(t)(Ts(x, t)−Tm)2dx+(s(t)− sr)2
) 1
2
.
PROOF. The proof of the conditions (61)–(63) are given
in the proof of Lemma 16. To prove ISS, by following the
procedure in [25], first we introduce the reference error states
as follows.
u(x, t) :=Tl(x, t)−Tm, (73)
X(t) :=s(t)− sr+ βsαs
∫ L
s(t)
(Ts(x, t)−Tm)dx. (74)
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Using these reference error variables, the total PDE-ODE-
PDE system given in (56)–(60) is reduced to the following
PDE-ODE system
ut(x, t) =αluxx(x, t), 0 < x < s(t), (75)
ux(0, t) =−qc(t)/kl, u(s(t), t) = 0, (76)
X˙(t) =−βlux(s(t), t)−d(t), (77)
where d(t) = βk qf(t). Note that the formulation of the above
system is equivalent to (23)–(26) which is the reference error
system in the one-phase case. Therefore, following the same
procedure as in Section 4, it is straightforward to derive that
there exist positive constants N1 > 0 and N2 > 0 such that
the following norm estimate holds:
Φ(t)≤N1Φ(0)e− b4 t +N2 sup
τ∈[0,t]
|qf(τ)|, (78)
whereΦ(t)=
(∫ s(t)
0 u(x, t)
2dx+X(t)2
) 1
2
, b= 18 min
{
αl
L2 ,c
}
.
Let us define the following three functionals
V1(t) =
∫ s(t)
0
(Tl(x, t)−Tm)2dx, (79)
V2(t) =
∫ L
s(t)
(Ts(x, t)−Tm)2dx, (80)
V3(t) =(s(t)− sr)2. (81)
Taking the time derivative of (80) along with the solid phase
dynamics (58) and (59), we get
V˙2(t) =−2αs
∫ L
s(t)
(
∂Ts
∂x
(x, t)
)2
dx
− 2αs
ks
(Ts(L, t)−Tm)qf(t). (82)
Applying Young’s, Cauchy-Schwarz, Poincare’s and Ag-
mon’s inequalities to (82), we arrive at the following differ-
ential inequality
V˙2(t)≤− αs4L2 V2(t)+
4Lαs
k2s
qf(t)2. (83)
Applying the same procedure as the derivation from (53) to
(54), and taking the square root, one can derive
√
V2(t)≤
√
V2(0)e
− αs
16L2
t
+
4L
√
2L
ks
sup
τ∈[0,t]
|qf(τ)|. (84)
Taking the square of (74), and applying Young’s and
Cauchy-Schwarz inequalities with the help of 0 < s(t)< L,
one can obtain the following inequality,
X(t)2 ≤2V3(t)+ 2Lβ
2
s
α2s
V2(t). (85)
Table 1
Physical properties of zinc
Description Symbol Value
Density ρ 6570 kg ·m−3
Latent heat of fusion ∆H∗ 111,961J ·kg−1
Heat Capacity Cp 389.5687 J ·kg−1 ·K−1
Thermal conductivity k 116 w ·m−1
Applying the same manner to the relation s(t)− sr = X(t)−
βs
αs
∫ L
s(t)(Ts(x, t)−Tm)dx obtained by (74), one can also derive
V3(t)≤ 2X(t)2+ 2Lβ
2
s
α2s
V2(t). (86)
Combining (78), (84), (85), and (86) using the defi-
nitions in (79)–(81), the estimate of the norm Ψ(t) =√
V1(t)+V2(t)+V3(t) is obtained by the inequality (72)
for some positive constants M1 > 0 and M2 > 0, which
completes the proof of Theorem 17.
6 Numerical Simulation
Simulation results are performed for the one-phase Stefan
problem with the heat loss at the interface, by consider-
ing a strip of zinc as in [16, 31] whose physical proper-
ties are given in Table 1. Here, we use the well known
boundary immobilization method combined with finite dif-
ference semi-discretization [29]. The setpoint and the ini-
tial values are chosen as sr = 0.35 m, s0 = 0.1 m, and
T0(x)− Tm = T¯0(1− x/s0) with T¯0 = 10 K. Then, the set-
point restriction (11) is satisfied. The control gain is set as
c = 5.0 × 10−3/s, and the heat loss at the interface is set as
qf(t) = q¯fe−Kt , (87)
where K = 5.0 × 10−6 /s. The closed-loop responses for q¯f
= 1.0 × 103W/m2 (red), 5.0 × 103W/m2 (blue), and 10.0 ×
103W/m2 (green) are implemented as depicted in Fig 3a-3c.
Fig 3a shows the dynamics of the interface, which illustrates
the convergence to the setpoint with an error due to the
unknown heat loss at the interface. This error becomes larger
as q¯f gets larger, which is consistent with the ISS result. In
addition, the property 0 < s(t) < sr is observed, which is
consistent with Lemma 10. Fig 3b shows the dynamics of
the proposed closed-loop control law, and Fig 3c shows the
dynamics of the boundary temperature T (0, t). These figures
illustrate the other conditions proved in Lemma 10. Hence,
we can observe that the simulation results are consistent with
the theoretical result we prove as model validity conditions
and the ISS sense.
7 Conclusions
In this paper we study the Stefan problem with an unknown
heat loss. First we revisit the one-phase Stefan problem
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(c) The model validity of the boundary liquid temper-
ature holds, i.e., T (0, t)> Tm.
Fig. 3. The responses of the system (1)-(5) with (10).
with heat loss at the interface studied in [24]. The closed-
loop control law is designed based on [16], and the well-
posedness and the conditions for the model validity are
proved based on the open-loop analysis. A nonlinear back-
stepping transformation for moving boundary problems is
utilized, and the estimate of the L2 norm is derived in the
sense of ISS with respect to the heat loss at the interface.
Furthermore, the extension of the ISS result to the two-phase
Stefan problem with the heat loss at the boundary of the solid
phase under the control law proposed in [25] is achieved.
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